1-The " ordinary " formula for the minimum electron pressure P corresponding to an electron density <r is of the form P = Kcr. It has been generally accepted that this is a non-relativistic approximation, applying only to slow-moving electrons; and a " relativistic " formula has been given, intended to take account of change of mass with velocity. In a recent paper* I have contended that the " ordinary " formula is the exact relativistic solution of the problem, and that the " relativistic " formula rests on a misconception. Since a decision on this point has far-reaching consequences in the theory of dense stars, and, moreover, has a fundamental bearing on the union of quantum theory with relativity theory, it has seemed desirable to supplement my earlier paper.
1-The " ordinary " formula for the minimum electron pressure P corresponding to an electron density <r is of the form P = Kcr. It has been generally accepted that this is a non-relativistic approximation, applying only to slow-moving electrons; and a " relativistic " formula has been given, intended to take account of change of mass with velocity. In a recent paper* I have contended that the " ordinary " formula is the exact relativistic solution of the problem, and that the " relativistic " formula rests on a misconception. Since a decision on this point has far-reaching consequences in the theory of dense stars, and, moreover, has a fundamental bearing on the union of quantum theory with relativity theory, it has seemed desirable to supplement my earlier paper.
I think the earlier paper makes it clear that whether the " relativistic " formula is right or wrong, existing proofs of it cannot be accepted. Briefly, the fallacy lies in the fact that the cell-division of phase space is obtained by standing waves, but these are assigned an energy which has been derived for progressive waves. If this is not simply a mistake, it is a step which requires careful justification; and up to the present no one seems to have given any reason why one should assume that the energy or hamiltonian of standing waves is the same as that of pro gressive waves. We may recall that the energy of plane progressive waves is easily calculated, because by a Lorentz transformation they are converted into waves advancing along the time-axis, and the energy is then the rest-energy of the particle; if the Lorentz transformation is applied to standing waves no such simplification results, and the reduction of the particle to rest involves an altogether different type of transforma tion.
In § 2 I give what seems to be a straightforward deduction of the formula P = Kcr^ from relativistic principles. In this proof the pressure is found directly, and not via the hamiltonian.
It is next necessary to meet the criticism that the result is widely sub versive of accepted formulae throughout the whole range of quantum theory, and so indirectly comes into conflict with observation. It is shown in § § 3-6 that no such conflict arises, and that the usual (Dirac) theory of atomic phenomena follows logically from the present basis.
These results help to make clear the connexion between relativity theory and wave mechanics. In § § 7-13 they are applied to a determina tion of the value of the cosmical constant-a problem which I had hitherto only been able to treat approximately. Light is thrown on many side problems. The existence of a vast number of occupied negative energy levels is one of the essential consequences of the analysis.
2-In macroscopic theory, energy, momentum, and pressure are com ponents of an energy tensor Ta6. It is part of the definition of these quantities that they satisfy the law of conservation (T°0/3 -0; and by this property Ta/} is identified with a geometrical tensor -87t/cT0(3 = Ga(3 -(G -2X), (2.1) which satisfies the law of conservation identically. Here X may be any constant, a change of X being merely a change of the zero from which energy and pressure are reckoned. But the zero condition (Ta(3 = 0) should not be taken to correspond to entire absence of matter and radiation, or in wave mechanics to zero probability of the presence of particles and photons. For if we adopt this as zero con dition everywhere, we are comparing the actual universe with a universe completely devoid of matter and radiation and therefore without observable characteristics. We cannot use as a reference standard for physical measurements an ideal system in which all such measurements become indeterminate.
In equations intended to apply throughout all space, it is preferable to choose X so as to correspond to the actual amount of matter in the universe; so that the passage from the actual to the zero condition involves no creation of matter but only a redistribution. In ideal problems with artificial boundary conditions there is no criterion for fixing X. In such problems the energy tensor contains an arbitrary additive term -Xgoj3/ To make the transition to wave mechanics, Tap) must be interpreted as the expectation value (for unit volume) of an operator TojS. The only appropriate operation is differentiation; and to satisfy tensor conditions we must set
where 8 stands for covariant differentiation and m is an invariant. We shall be concerned only with scalar wave functions, so that (in natural co-ordinates) the covariant derivatives are ordinary derivatives. The pressure P is $( Tu + T 22 + T 33), so that P = expectation value of -V2/3 (2.25)
The connexion between macroscopic theory and wave mechanics has commonly been made through the momentum vector* pa = -i §/8xa p a = (2.3) Substituting in (2.2) this gives Ta/S = PaP#»/m, so that TajS _ yyj dXp ds which is a well-known form for a system of particles when the right-hand side is summed in an appropriate (invariant) way. Thus there is no conflict between (2.2) and (2.3); but the former expresses the connexion more directly and more generally. The tensor Ta)3 refers to unit volume. The expectation value of Ta/s for each particle is its eigenvalue for the particle multiplied by the prob ability that the particle is in the unit volume. In general it is a subtle problem to define what fraction of a moving particle is to be included in a given unit volume. But in the application referred to in § 1 this difficulty does not arise. We deal with a rectangular block of matter (in the interior of a star) of dimensions x /2 x /3, containing c t /j/2/3 electrons. We take axes such that the block as a whole is at rest, and we analyse the internal state of the block into standing waves in the relative co-ordinates £l5 £2, £3-By the exclusion principle there are not more than two electrons to each wave. Our purpose is to calculate the minimum value of P; so that by (2.25) we must find the £ct/i/2/3 waves which give the lowest eigenvalues of -V2. We shall then have /j/2/3Tii = STu, etc., (2.4) where the summation applies to the alxldz electrons which by their wave specification are wholly and permanently within the block. The scalar wave function is analysed (within the block) into Fourier components, viz., = S where
.li _ arrto 2twi1S1 2ttw2S2 J 27t«353
and »!, «2, «3 are integers (positive in (2.5)). The factors can be cosines or sines, and (as a convention) we distinguish sine factors by negative values of n. The condition governing this analysis is that the component wave functions must constitute a complete set of orthogonal functions for a distribution of 4* inside the block. Let 73 a = 2 n( 2.6)
Taking ml9 sr2> ar3 as rectangular co-ordinates, each component wave is represented by a point in sr-space. The points form a rectangular lattice, and their density in cr-space is h h h K^n f Henc occupy a minimum volume } (2tc)%. If this volume is a sphere of radius r, we have nr3 = (2tc)3.
Writing a 2 = c?i2 + gt22 + »s2> the mean value of ct2 for the sphere is
by (2.7) By (2.5), V2 = -si2. Hence, summing for the a particles in unit volume, P = S (-V2/3m) -^-Scj2/m -(2.85)
To convert to C.G.S. units the factor (27t)2 is replaced by h2, our theoretical units having been chosen so that h/2n -1. Equation (2.9) is then the " ordinary " degeneracy formula which has usually been condemned as non-relativistic. But it is here obtained directly from the relativistic equation (2.2).
3-We shall now deduce the hamiltonian for these waves, that is to say the expression for T44 in terms of Tn, etc. This is not required in the calculation of P, but it is of importance for further developments. We write 8T44 for the part of T44 due to the standing waves which furnish P, and set P = 2Pr 8T44 = E (T44)r, (3.1)
where Pr and (T44)r are the contributions of the rth wave. The same P » can be constituted out of individual waves in many ways. We first notice that two sets of waves which give the same ST44 must also give the same P; for, if not, the change from one to the other would create an extra pressure AP with no change of the other components of TajS. It is known from the theory of gravitational waves that a gravitational source AP, unaccompanied by a source in some other component, is impossible.* Hence, if (T44)r = / ( P r), the function / must be such th a t/(a ) +f ( This corresponds to a hamiltonian of Schrodinger type
and not to the so-called relativistic hamiltonian which is a non-linear function of gt2. Comparing (3.2) and (3.3), it would seem that a = 3/2; but we shall see in § 6 that this not a correct identification. In one sense (3.2) is an approximation, inasmuch as, the gravitational equations being non-linear, T 44 cannot strictly be analysed into additive contributions of the individual waves. The non-linear terms would be regarded as mutual gravitational energy of the particles represented by the waves. Whether (3.2) is an approximation or not depends on whether (T44)r is intended to include this potential energy. But in any case this is not the point at issue. The coefficient a may or may not be a function of the curvature of space-time and therefore of the total pressure P. Our result is that, when P is fixed, a is independent of Pr, whereas in the same conditions the " relativistic " hamiltonian makes (T44)r a non linear function of Pr.
The result of this section agrees with the current conclusion, viz., that the " ordinary " degeneracy formula implies a Schrodinger hamiltonian for the waves-so that the two stand or fall together.
The method of proof used in my earlier paper was to obtain the hamiltonian for a relative (internal) wave function by considering the transformation from absolute to relative co-ordinates. Since this turned out to be of the Schrodinger type, the " ordinary " degeneracy formula followed.
A-The result of the foregoing discussion is to reinstate the Schrodinger form of hamiltonian as correct for the problem of standing waves in a block of material. It is not suggested that the Schrodinger hamiltonian is to be reinstated in all problems, e.g., in the interior of an atom. If it is asked why the same considerations do not apply to the interior of an atom, we answer that they do not even apply to a distribution of matter in a smooth spherical vessel. Besides the modification of the orthogonal functions to correspond to a spherical boundary a new feature appears. There are steady states in which the distribution has an angular momentum relative to the sphere.
With a spherical boundary, unidirectional motion is no longer incon sistent with a steady state. Rotation in one direction corresponds to progressive waves in the angular co-ordinate 0. These are of the same type as the progressive waves associated with a particle moving freely in space, i.e., rotating about the centre of curvature of space.
I have pointed out the error of applying the hamiltonian of progressive waves to standing waves.
It would be an equal error to apply the Schrodinger hamiltonian of standing waves to unidirectional motion. In all problems in which there exist integrals of angular momentum Schrodinger's hamiltonian ceases to apply; and my investigation raises no suspicion that the accepted hamiltonians for these problems are incorrect.
The advent of progressive waves into a problem depends on the existence of relativity transformations of the co-ordinates, which occasion a degeneracy of the steady state solutions. In the problem of the rectangular block there are no relativity transformations of the internal co-ordinates ; no other set of axes is " equivalent " to that which is parallel to the edges of the block. In the spherical problem all orientations of the internal rectangular axes are equivalent; so that there are three relativity transformations, viz., rotations in the three co-ordinate planes. The timedirection is still unique, being defined by the motion of the spherical boundary, so that there are no Lorentz transformations. For this limited amount of relativity it is unnecessary to resort to complete Dirac wave vectors. We can take to be a wave vector with two components (2-vector) and the co-ordinate planes to correspond to three Pauli matrices Si, S* S3 (S.* = -1).
With 2-vectors it is not possible to express a simple numerical density a as a product 4*^*-The density has to be treated as the sum of two " pure " components + a(l + *SM ), la (1 -X J .
Each of these is idempotent (for a = 1) and t The non-numerical part is described as density of angular momentum in the plane corresponding to
When the boundary conditions are such that the angular momentum in a steady state is always zero, the two components (4.1) are constrained to have equal probability, and there is no need to separate them. But when, as in the spherical problem, the angular momentum may have any value, they have independent probabilities and constitute, therefore, distinct elementary states. For a particle moving freely in space the relativity transformations are more general, and Lorentz transformations are included. This additional degeneracy requires a second set of Pauli matrices 0M , commuting with the The two components of opposite spin ^<y (1 ± are in turn analysed into components of opposite charge
(1 i K») (1 ± *0M ). The wave vectors now have four components, and the double set of Pauli matrices is more conveniently replaced by a set of Dirac matrices with the same non-commutative properties. In my notation the sub stitution is ^ = E 23, E 31, E12; 0^ = E45, -E5, E 4.
The dissection (1 ± *£M ) (1 ± *0M ) provides four sub-waves (two electrons and two protons) for each of the elementary waves (2.5). Although the dissection is not required in the problem of the rectangular block-the four sub-waves being constrained to have the same amplitude -it must be imagined to exist in order that the results may be expressed in the same form as those of problems in which unidirectional motion is not excluded.
This brief outline of the way in which the ordinary relativity theory of free electrons and of angular momentum is reached from the present starting-point will, I think, show that we have introduced no contradiction with atomic physics. It is necessary to emphasize that " relativity " is not a formula but a theory; and that its transformations are not to be applied mechanically but when relativity theory indicates that they are applicable. In the problem of the rectangular block the hamiltonian of the internal motion is not invariant for Lorentz transformations-a result foreseen by relativity theory as well as by common sense.
The fictitious particle, which temporarily replaces a group of two protons and two electrons when scalar wave functions are employed, will be called a neutral particle. The term has no connexion with the neutron.
5-From one aspect the rectangular volume is occupied by the set of standing waves treated in § 2. From another aspect it is occupied by n particles moving in various directions; in wave mechanics these are repre sented by progressive waves which combine into an w-tuple wave function. I think it will save some confusion of thought if we notice that, whereas the standing wave function represents a system in equilibrium, the tuple wave function represents a rapidly dispersing system; if we substitute in it a later value of the time, it gives the distribution which would be reached if each particle continued to move with its present momentum.
Every time a particle passes the boundary, the n-tuple wave function changes discontinuously. It is only by forming a time-average that we convert it into a function representing steady conditions. But in forming the time-average we must first replace the discontinuities by a continuous change; otherwise the function is not differentiable, and is useless for computing energy. The energy (-of the smooth wave function will be altogether different from that of the instantaneous n-tuple wave function.
The general effect of this time-averaging of the discontinuities can be seen by considering the combined wave function of the rectangular volume A and the surrounding matter B which is holding it in equilibrium. The steady state (represented by the standing waves) results from the fact that, on the average, for every particle passing from A to B a similar particle passes from B to A. In the combined wave function of A and B this is merely a nominal interchange. The co-ordinates xv of the pih particle of system A have become inappropriate to system A, and the co-ordinates x Q > of the qth particle of system B have become inapp to system B ; we therefore re-label the particle at xv as the qth. particle of system B, and the particle at x q> as the pth parti Fermi-Dirac rule this interchange of labels reverses the sign of the wave function. In time-averaging the succession of discontinuous reversals of sign is replaced by a continuous factor eiVit which reverses the sign at intervals tn/p€. When we form the energy -id/dt, this fact an additional energy This interchange energy does not appear in the instantaneous n-tuple wave function; but it belongs inalienably to the steady system which the standing wave functions represent.
Interchange energy was, I think, first introduced in my investigation of the charge of an electron,* and I follow the interpretation of it which I then gave. It is potential energy.. The system occupying the rectangular volume may be kept in equilibrium either by interchange of particles at the boundary or by a force at the boundary (exerted by the matter beyond) turning back the particles as they reach it. But, since we never know which particle is which, it is meaningless to enquire whether an old particle is turned back at the boundary or a new particle comes in. Thus the interchange effect and the force are identical; and so also are the interchange energy and the potential energy due to the field of force.
The problem of waves in a rectangular volume is often treated by assuming a wall of infinite potential at the boundary.* But the problem is more manageable if the field of force restraining the particles from dispersal is continuous throughout the volume. This represents much more closely the actual conditions (to which the results are generally applied), in which there is nothing distinctive about the boundary of the volume considered, and the collisions or interchanges which prevent dispersal of the system occur evenly through the volume. The corre sponding interchange energy or potential energy is then evenly distributed. 6-Since the energy of the standing waves includes a certain amount of potential energy it would be wrong to equate it to a hamiltonian which represents only the kinetic energy of a dispersing system. When the velocities of the particles are small, the Schrodinger and " relativistic " hamiltonians agree. But these represent only kinetic energy; so that even in the limit, when the classical approximations suffice, they will not be equal to our hamiltonian which includes the potential energy inalienably associated with standing waves. We shall show, however, that in the classical approximation the kinetic energy and potential energy are equal; thus in the limit our hamiltonian is twice as great as the others. This fixes the value of a as 3, instead of 3/2 as first suggested in §3.
There is nothing recondite about the waves in (2.5). They are simply sound waves. The wave functions 4* are real, so that the conjugate wave functions 4 are the same. The particle density is therefore er = 4 4 = 42-All we have done is to perform a Fourier analysis of -y/cr, and, until we introduce the exclusion principle, the whole investigation comes under the ordinary theory of sound. In the classical approximation the energy of standing waves of sound is half kinetic and half potential; and we have used this result to fix a = 3. Hence 8T44 = 3P ST = 0, (6.1) since in rectangular co-ordinates T = T 44 -Tu -T 22 -T33. It is well known that T = 0 for electromagnetic waves. Accordingly when radiation is absorbed and converted into increased energy of molecular motion of the kind here treated, there is no change of T. This is subject to the limitations (1) that the volume of the gas is kept un- changed, and (2) that no unidirectional motion, e.g., atomic or molecular spin, is produced.
The condition ST = 0 also agrees with elementary dynamics in associ ating no rest-mass with the relative (internal) motion of the parts of a system. When the motion of two particles of masses mx, m 2 is resolved into an external motion of a particle of mass mx + ra2 occupying the centre of gravity and an internal motion of a particle of mass mxm2j (mx + ra2) in the relative orbit, the whole rest-mass is associated with the external motion. Similarly in wave mechanics the rest-mass belongs to the energy tensor of the external wave function, and not to the wave function of the internal motion studied in § 2 which contains the pressure. * Suppose that we have a vessel containing monatomic gas and raise the temperature of the gas by adding heat energy H, what will be the change of the mass of the vessel, measured in the ordinary way by its acceleration under a given applied force? The ordinary answer would be H/c2; but our formula (6.1) suggests that it should be 2H/c2. It might be suggested in defence of 2H/c2 that we have to take into account the gravitational and inertial effect of the increased tension in the walls of the vessel; but I think there is no doubt that H/c2 is at least approximately correct. The reason why (6.1) fails in this case is that the tension in the walls of the vessel represents interatomic processes-electrical or spin effects-which, as seen in § 4, introduce unidirectional waves.
I emphasize these elementary illustrations, because the fixed relation between changes of energy and changes of pressure must ultimately rest on convention, and it is not a question of discovering a natural law but of ascertaining current practice and definition. The energy tensor con tains an additive term with arbitrary coefficient X ( § 2), and the condition ST = 0 is equivalent to defining the choice of X. Our result that ST = 0 when a quantity of radiation is absorbed and its energy converted into standing material waves may be regarded as a principle of stationary action for small variations of the equilibrium state of radiation and matter. Here, as usual, the action principle is of the nature of a definition of the quantities concerned in it.
7-Curvature of space-time is equivalent to a distribution of ^-waves, since both devices are employed for the same purpose-to represent the energy and momentum of physical systems. It is not supposed that either curvature or ^"Waves are objective. I have obtained an approxi mate relation between the two representations in earlier papers; I then had in mind progressive waves. For standing waves the problem of finding the exact connexion seems to be very much easier, and I think the following is a complete solution. The main aim is to find the relation between the natural constants used respectively in relativity theory and atomic physics; for this purpose it is sufficient if we can find one problem which is tractable from both points of view.
Consider a distribution of matter of uniform density in equilibrium. It will accordingly occupy part or all of a static spherical space. To introduce boundary walls limiting it to part of space would be going out of our way to create difficulties; we therefore suppose the same uniform distribution to extend throughout space. In stereographic co-ordinates the line element is*
and the pressure and density are found to be
Since we are now aiming at numerical results, we shall insert the constants c, h/2n, suppressed in § § 2-6.
Instead of treating R as a radius of curvature, we may treat 0 = (1 + a * 2/ 4R2) as a variable gauge-factor for measurements made in a flat space with Euclidean co-ordinates (x, y, z). Then by (7.1) the co-ordinate length is 0 times the natural length ds, and the co-ordinate density p0 is 0-3 times the uniform natural density p. Introducing real scalar wave functions 41 -so that p0 = 4* 4* = 42> we have 4 = P4 0-f = p* (1 + r2/4R2)-* = e*(l -+ y + * * ) + . . . ) (7.3)
First suppose that the density is due to the probability distribution of a single neutral particle of mass mx, whose wave function accordingly is (7.3). The eigenvalue of V2 at the origin is -9/4R2. Hence by (2.25), with the natural constants inserted, the expectation value (for unit volume) being formed by multiplying the eigenvalue by the probability 1 /V that the particle is in the unit volume considered. V = volume of spherical space = 2tt2R3. We write (27 z/h)2 mx = pq, (7.42) so that p = f R2 (7.43) By (6.1) the energy density pc2 of a standing wave is 3P. Hence the total mass belonging to the wave is m' = PV = 3PV/c2 = 9/4R2c2p.1.
Since the standing waves imply that the particle is in motion, we cannot identify m' with the rest-mass mx ; but their relat Setting pc2 = 3P in (7.2), we find X = 3/2R2 8tckp/c2 = 3/2R2. (7.61)
If, however, we treat R as a curvature, so that there are no waves and consequently P = 0, we find
The change from (7.61) to (7.62) is a change of the arbitrary constant X in the energy tensor, i.e., a change of the zero from which energy and pressure are reckoned. In elementary theory the rest-energy is defined to be the value of the energy when the other components of the energymomentum vector vanish. This is included in the more general definition that the rest-energy is the value of the energy when the other components of the energy tensor vanish. For progressive waves, the other com ponents can be made to vanish by applying a rotation (Lorentz trans formation); for standing waves, they are made to vanish as above by altering the arbitrary constant until P = 0. Thus p in (7.62) corresponds to mX i whereas p in (7.61) corresponds to m'. Hence rri = fwi. (7.7) Then by (7.5) W, ass 3/R2C2IXi. (7.81) And by (7.42) mx = /*-y/3/27rcR. (7.82) 8-Next suppose that the density is due to a probability distribution of N' neutral particles each of mass m By th particles are represented by orthogonal wave functions, each particle being assigned a different wave function. To obtain the " ground state '' of the distribution we must choose the waves of lowest energy.
The wave functions or states can be classified similarly to those of an atom, except that we are not troubled by the duplication of states due to opposite directions of atomic spin.* In the atom the waves are con centrated in small volume by a controlling Coulomb field. Here the gauge-factor (3 fulfils the same role; or, what comes to the same thing, the waves spread to the natural limit imposed by the finitude of space. The lowest state, which we shall call the K state, represents a uniform distribution over all space; it is, of course, the state occupied by the solitary particle discussed in § 7. The remaining states are unsymmetrical in at least one dimension. We call the highest of the occupied N ' states the limit s t a t e , and denote its energy by The limit state corresponds to very high quantum number-actually about 1028 -so that the energy levels have become practically continuous. For other than cosmological problems, there is a practically inexhaustible supply of particles with energies nearly equal to the limit energy.
The above analogy with the atom is obtained by considering the dis tribution in stereographic projection. Presumably a more symmetrical treatment would be obtained by using spherical representation; the wave functions would then correspond to spherical harmonics in four dimen sions. But it is unnecessary to develop the detailed theory of these wave functions. For our purpose we require only two results: (1) the K state is a uniform distribution such as we have treated in § 7; (2) the mean energy me2 of all the particles is of the limit energy, so that m = fm 2.
(8.1)
This last result was obtained in (2.8). Although it was there found for rectangular wave functions, it applies generally; since it depends only on the well-known theorem that the density of the discrete wave functions is uniform in phase space, or, as it is often expressed, they occupy equal unit cells. 9-Let us now add a particle to the system of N ' particles in the ground state. The lowest vacant state corresponds to energy
We must therefore endow the particle with a threshold energy m 2c2, in addition to its visible energy available for transfer to other particles by collision, radiation, etc.
In elementary quantum theory the system under discussion is always treated as an independent addition to " the rest of the universe," which constitutes a fixed background (both material and geometrical). No notice is taken of the resulting change of curvature of space-time; no notice is taken of the N ' other particles existing in the universe, which compete for the states of lowest energy. In order to justify this inde pendence it must be assumed that the rest of the universe is in the ground state, with no vacant levels for the added particles to drop into, and no excited particles to drop into vacant levels in the added system. In other words, quantum theory represents its systems on an impermeable back ground. This does not require that the actual universe should be in its ground state; it means that any deviation from the ground state must be mentioned explicitly and described as if it were an addition to the impermeable background supplied by the ground state.
For example, if the added system is a vessel containing particles at temperature T, statistical equilibrium requires that the background should be excited to the same temperature. But the excited background is not treated as such; it is described as an impermeable background plus a field of radiant energy; and exchanges of energy between the added particles and the excited background are described as exchanges of energy between the added particles and the added radiation. A single vacant level in the background is described as a photon. Near the threshold energy the energy levels are almost continuous, so that photons may have practically any energy* up to the limit m2c2.
In non-equilibrium conditions the added particles may be localized as wave-packets. Similarly the vacant energy levels can form wavepockets. A wave-pocket might be described as a minus-particle, but so long as we confine attention to neutral particles the wave-pocket is nothing more than the localization of a photon such as occurs, for example, in the observation of individual X-ray effects in an expansion chamber. Different considerations arise when vector wave functions are introduced and the states are divided into four sub-states representing charged particles. The charged minus-particle constituting a vacant sub-state is evidently to be identified with a positron or negatron. The rest-masses of these minus-particles must be determined by a theory similar to that of the masses of a proton and electron; we cannot enter into the theory here.
Evidently we have here a definite starting-point for developing the theory of radiation on a quantum-relativistic basis. But our concern is with other matters, and we shall confine attention to a universe in its ground state. For our purpose the important conclusion is that the rest-energy attributed to the particles in our ordinary outlook is the energy of the limit state. Accordingly their rest-mass is m2.
10-Since the energy levels near m2c2 are exceedingly close together, there is for ordinary purposes (but not for cosmological problems) an almost unlimited abundance of particles with rest-mass m2. To the degree of approximation which represents the outlook of ordinary quantum theory, these particles do not " exclude " one another individually; for by a practically infinitesimal increment of energy a particle can reach a vacant level just above the limit energy. The usual applications of the exclusion principle, e.g., in § 2, are to the relative motions resulting from the additional visible energy, and not to the energy representing the restmass.* Thus it is legitimate to assume (as in ordinary quantum theory) that each particle has an even a priori probability distribution throughout all space, which may be modified by special wave functions representing the visible energy and momentum of the particle. If the energy is pre cisely m2c2 so that the particle is at rest, its position is entirely indeter minable, i.e., it is equally likely to be anywhere in space.
The total energy of the universe is N'rac2 = £N'm2c2 by (8.1). The deficit fN 'm 2c2 is interpreted as gravitational potential energy, which is relatively large in a static (Einstein) universe.
Taking R to be the actual radius of space, the mass m1 of a solitary particle in the K state is given by (7.82), and this has been regarded as the proper mass of a neutral particle. But in the current outlook the threshold mass m2 is regarded as the proper mass. If we change the mass from m1 to m2, we must change the constant of gravitation from kx to k2, so that The constant h will also be affected by the change of reckoning in such a way that fjt-i = mx\h£ = m2//z22 = jx2 and the current reckoning corresponds to h2. Hence by (7.81) and (10.4) m2 = 3 (|N ')/R 2cV 2 (10.51) or m2 = V f N '. (10.52)
11-The factor 3 in (10.51) corresponds to the three components of the pressure. For a uniform probability distribution in n dimensions the corresponding factor would be n. Physically this corresponds to the law of equipartition of energy in statistical equilibrium; if the number of equivalent degrees of freedom is increased, the energy of the particle is increased in the same ratio. Similarly if a system, which has been moving as a single particle, is ionized into 4 independent particles the energy is multiplied by 4. Ordinarily these results are applied only to the energy additional to the rest-energy, but we here find that they apply also to the rest-energy.
When we replace the neutral particle by four charged particles which, being described by wave vectors, have additional relativistic rotations, the energy (and therefore the mass) is increased by the additional degrees of freedom. It is therefore desirable to define a standard mass m0 corre sponding to a definite number of degrees of freedom-to be used in much the same way as the energy of a monatomic molecule is used as standard in the theory of gases. We take m0 to correspond to degrees of freedom. The choice (explained in § 12) is guided by the fact that all observables must arise from double wave functions. Accordingly m0 = 2 (!N')/R2cV 0, (11.1) so that m0 = /? VfVN /2ttcR, (11.2) where N = 4N' = number of charged particles. This is the mass which is referred to in my equation for the masses of the proton and electron, * 10m2 -136mm0 + m02 = 0. The constant k in (11.5) necessarily differs from that which has occurred in previous formulae, e.g., (10.3), because we have got more energy into space of the same curvature by allowing the particles additional degrees of freedom. We have not hitherto been concerned with the absolute value of k ; consequently (11.2) is unaffected by the change. The ordinary observational value is evidently the value in (11.5).
From ( It is of interest to calculate N as accurately as possible. In order to obtain an accuracy better than 1% it is necessary to pay attention to the factor 136/137 pointed out by Bond, which, according to my theory, vitiates many of the so-called observational constants. I have therefore transformed the expression into the form (11.8), since the factor does not affect e/mp.* Using Bond's determination from the latest available data,f and k -6* 6 64.10-8 , we obtain N = 1*5727.1079.
The uncertainty may be 1 or 2 parts in 1000.
Following Fiirth's suggestion that the core of the number N is 2256, we find that N = 135 *82.2256.
Since N is an integer by definition, no irrational or fractional factors can enter into its composition. The integers most directly connected with the theory are 2, 3, 4, 10, 16, 136, 137, 256 . It therefore seems rather likely that the exact value is N = 1 3 6 .2256. I regard this as a definitive determination of N, subject to the reserva tion that, since it was not originally intended to take account of factors of the order 136/137, these have not had the same scrutiny as the rest of the investigation.
The corresponding value of the Einstein radius R is 6 -1 7 .1026 cm. The cosmical constant is 1/R2. The limiting speed of recession of the galaxies is 865 km per sec per megaparsec.
In (11.7) the factor 10/3 on the left is the 4-dimensional equivalent of the 16-dimensional factor 136/10 on the right. In other words, 10/3 has the same relation to Pauli matrices that 136/10 has to Dirac matrices. It would presumably have been possible to treat § § 7-10 by Pauli matrices instead of by stereographic projection. The fact that the numerical factors in the answer have a natural interpretation diminishes our fear of slips in the deduction.
12*-It is incongruous that a scalar wave function with three degrees of freedom should represent four elementary particles. The explanation is that, by representing the waves in space of fixed radius R, we have sup pressed all radial displacement and therefore all standing waves in the radial direction. But R, like every observable, is subject to the uncertainty principle, and has not a fixed value but a probability spread. In practice R is treated as fixed because, being the sole linear characteristic of the universe in its ground state, it is the standard to which all other lengths are ultimately referred; but this posterior use of it hides its intrinsic character. Before breaking up the neutral particle into four charged particles the radial degree of freedom should be restored. The scalar wave function with four degrees of freedom is then replaced by four vector wave functions as described in § 4.
We shall call the product of the rest-mass and the energy tensor the quadratic energy tensor. By (2.2) the probability distribution determines the quadratic energy tensor. Since m0 has been standardized for two degrees of freedom the pressure corresponding to threshold neutral particle is %m0c2. Now let its probability distribution be modified so that the pressure is m e2 ; and further let its scalar wave function be replaced vector with p symmetrical degrees of freedom. Then the quadratic pressure is mQ mc2, and the quadratic energy is pm0mc2. In accordance with § 9 we try to represent this change as an addition to, instead of a modification of, the ground state. Determine q so that
Then the change is expressed as the addition of a particle of mass m and energy qmc2 to a background particle of mass ra0 and energy m0c2, i.e., the addition of a particle of mass m represented by a vector wave function with q degrees of freedom to a particle of mass m0 represented by a scalar function with one degree of freedom, the masses now being standardized for one degree of freedom. I have shown {loc. cit.) that if the new particle is an elementary particle representable by a simple wave vector, p = 136 and 10. Then (12.1) becomes the equation (11.3), giving two possible masses for an added elementary particle. The two values are therefore identified with mp, me.
If we treat the unmodified neutral particle in the same way, changing neither its probability distribution nor the scalar character of its wave function, the equation corresponding to {12.1) is 2m02c 2 = m2c2 + m02c2, (12.2) since its energy (for four degrees of freedom) is 2m0c2. Hence m = m0. We had (12.2) in view when we adopted two degrees of freedom as the standard in defining m0. The result is that the masses mv, me, m0 are all treated on a uniform plan as relating to added particles. These masses are now standardized for one degree of freedom and therefore correspond with the reckoning of elementary quantum theory which represents the particles by plane progressive waves displaceable only along the wave normal. Further, since each is now represented as an addition to a background particle with one degree of freedom, the energy of the original standing wave with four degrees of freedom corresponds to four such background particles. It may help to an understanding of the above investigation if we give a more elementary illustration of the factor 2 which is the main source of complication. The energy of a charge e is eVj if it is treated as being in a field of fixed potential. But if we calculate in this way the energy of all the charges in a system we obtain twice the proper amount. It is to avoid a corresponding error in the present discussion that we initially standardize the mass for two degrees of freedom.
13-The results here obtained lead to many more developments than can be treated in a single paper. I will add one further comment. The constants of nature here found by considering a static Einstein universe will apply to the actual universe, notwithstanding that it is far from the static state. For just as in an experimental determination the matter is artificially arranged to simplify the experiment, so in a theoretical deter-mination the matter may be artificially arranged to simplify the calculation. The only restriction is that the arrangement must be one that could be brought about in the actual universe without violating the equations of the theory, e.g., we must not create or destroy particles.
The usual theory of the expanding universe (neglecting radiation) recognizes three possibilities according as the mass M is greater than, equal to, or less than the mass Me of an Einstein universe. It would be illegitimate to apply our results to the actual universe unless M = Me. But in the present investigation we see that M = Me of necessity, and that there is no opportunity for the other two alternatives to arise. By the exclusion principle a system of N particles must necessarily have a ground state, and therefore a static configuration is always possible; the con tingency contemplated in ordinary relativity theory that there may be no static (Einstein) state can therefore be discarded. A similar argument applies when the amount of radiation in the universe is not neglected.
The following is an analytical view of this conclusion. By the ordinary formula Me = ^7rX"i It has therefore generally been supposed that Me is determined by a constant X fixed independently of the content of the universe. But primarily X is the arbitrary constant in (2.1); and although later it is found desirable to fix it by convention (7.62), it is fixed with reference to the actual content of the universe, so that M = ^7rX~i The result is that X is a function of N, and not a predetermined constant.
